
The topology on Zp and Qp

Given any indexed family {Xi}i∈I of topological spaces, a basis for the product topology consists of
subsets constructed by choosing a finite subset J ⊂ I, an open subset Uj ⊂ Xj for each j ∈ J , and
then considering the subset ∏

j∈J
Uj ×

∏
i∈I\J

Xi ⊂
∏
i∈I

Xi. (0.1)

An open subset is then a union of such sets. When the index set is finite, these basis sets are just
the same as arbitrary products of open subsets, one from each Xi. But when I is infinite, all but
finitely many of the the open subsets whose product we are taking are required to be the entire
space Xi. Perhaps some intuition for the product topology can be gained by considering the case
where all the Xi are the same. Then the product

∏
i∈I X can be identified with the set of maps

f : I→X. What should a neighbourhood of such a map be? One possibility is to consider the set of
g : I→X whose values are close to those of f at all i ∈ I. But we can also fix a finite set J ⊂ I of
elements, and consider those g for which g(j) is close to f(j) only at the j ∈ J . This laxer notion of
closeness corresponds to the product topology. Of course we can make the g closer and closer by
considering neighbourhoods with larger and larger (but finite) J .

A basic fact about the product topology is Tychonoff’s theorem:

An arbitrary product of compact spaces is compact.

The full proof is somewhat technical, but you can see why it’s plausible. Given an open covering of∏
i∈I X, we know that even one open set in the covering is enough to take care of most coordinates.

It is convenient to note that another way to write the basis is as

∩mn=1pr
−1
in

(Uin), (0.2)

where each Uin ⊂ Xin is an open subset and

prj :
∏
i∈I

Xi→Xj

is the projection onto the component indexed by j ∈ I. This is one quick way to keep track of the
obvious fact that each projection map pri is continuous.

Recall our definition of Zp as an inverse limit:

Zp = lim←−
n

Z/pn. (0.3)

So an element a ∈ Zp is a sequence an ∈ Z/pn satisfying the condition an mod pm = am for any
pair n > m, that is, a compatible sequence of elements. For this, of course it suffices to require am+1

mod pm = am for each m. We see that

Zp ⊂
∏
n

Z/pn. (0.4)

Each Z/pn is finite, and hence, is naturally equipped with the discrete topology where every subset
is open (and hence, every subset is closed). The product topology on

∏
n Z/pn induces a topology on

Zp, which we will refer to also as the product topology (even though Zp is not itself a product).

Lemma 0.1. Zp is a closed subset of
∏

n Z/pn.
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Proof. If we denote by πj
i the projection from Z/pj to Z/pi for j > i, then, for each n, the subset

Sn := ∪an∈Z/pn [(πn+1
n ◦ prn)−1(an) ∩ pr−1n (an)] (0.5)

is a finite union of intersections of closed subsets, and hence, is closed in
∏

n Z/pn. This is the subset
of sequences whose (n+ 1)-th components are compatible with their n-th components. Clearly,

Zp = ∩nSn.

Since Zp is thereby a closed subset of a compact space,

Corollary 0.2. Zp is compact.

We will examine the basis for the product topology on Zp. As mentioned, the basis consists of sets
of the form

∩mi=1pr
−1
ni

(Ui), (0.6)

where Ui ⊂ Z/pni is an arbitrary subset. Clearly, this will be a finite union of sets of the form

∩mi=1pr
−1
ni

(ai), (0.7)

where each ai ∈ Z/pi is a single element. But we can simplify the description even further. Given
any such basis element, let N = supmi=1{ni}. Then clearly,

∩mi=1pr
−1
ni

(ai) ⊂ pr−1N (aN ) (0.8)

Now, two things can happen. Either

aN mod pni 6= ani

for some i, in which case, the intersection is empty (by the compatibility of sequences in Zp).
Otherwise, aN mod pni = ani

for all i. Then for any element a ∈ Zp such that prN (a) = aN , the
condition prni

(a) = ani
is automatic for all ni. Therefore, we would have

∩mi=1pr
−1
ni

(ai) = pr−1N (aN ) (0.9)

We summarize this with a

Proposition 0.3. A basis for the open sets in Zp consists of open sets of the form

pr−1n (an)

as n runs through positive integers and an runs through elements in Z/pn.

Note that these sets are both open and closed. They are also compact. If we choose any a ∈ Zp

lifting an, we easily check that
pr−1n (an) = a+ pnZp. (0.10)

We have discussed the metric topology on Qp. Here, we define the valuation vp(a) of a non-zero
element a ∈ Qp by using the unique expression a = pvp(a)u with u ∈ Z∗p, that is, vp(a) is the
‘maximum power of p dividing a,’ if we allow an extended interpretation of this phrase for negative
powers. Then we defined the absolute value

|a|p := p−vp(a) (0.11)

2



for a 6= 0 and |0|p = 0. We checked the properties

|ab|p = |a|p|b|p ; (0.12)

|a|p = 0⇔ a = 0 ; (0.13)

and
|a+ b|p ≤ sup{|a|p, |b|p}. (0.14)

Note that a ∈ Zp ⇔ |a|p ≤ 1. Using the properties of the absolute value, we saw that the distance
function defined by

dp(a, b) = |b− a|p (0.15)

is an ultrametric, that is, a metric satisfying the non-archimedean triangle inequality

dp(a, c) ≤ sup{dp(a, b), dp(b, c)}.

The metric topology has a basis the open disks

D(a, ε) = {b ∈ Qp | |b− a|p < ε} (0.16)

with a ∈ Qp and ε > 0. However, since the only possible absolute values are pn for n ∈ Z, we see
that these apparently more general disks are all of the form D(a, pn). So a basis for the topology
consists of sets of the form

a+D(0, pn) (0.17)

But
b ∈ D(0, pn)⇔ |b|p < pn ⇔ |b|p ≤ pn−1 ⇔ vp(b) ≥ −n+ 1⇔ b ∈ p−n+1Zp.

Since n is an arbitrary integer, we see that a basis for the metric topology consists of sets of the form

a+ pnZp.

Proposition 0.4. On Zp, the product topology and the metric topology are the same.

Corollary 0.5. As a metric space Zp is compact, and hence, complete. (That is, all Cauchy
sequences converge.)

We leave to the reader the verification that the field structure and the topology of Qp are
compatible. That is, The addition map and the multiplication map from Qp ×Qp to Qp are
continuous. Also, the inverse is continuous from Q∗p to Q∗p. In particular, since Zp is compact, so are
aZp and a+ bZp for any a, b ∈ Qp The field Qp is not compact. But any element a ∈ Qp has a
neighbourhood of the form a+ Zp, which is compact. We say that Qp is locally compact.

Finally, we will prove

Theorem 0.6. Qp is complete

Proof. Let (a(n)) be a Cauchy sequence in Qp. Then there exists an N such that |a(n)− a(N)|p ≤ 1,
that is, a(n) ∈ a(N) + Zp. So b(n) = a(n)− a(N) is a Cauchy sequence in Zp, which is complete.
Thus, b(n) converges to some b ∈ Zp. Then a(n) must converge to a(N) + b.
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