
An example of non-unique factorization

We will show that
R = k[x, y, z]/(P ),

where P = y2 − xz, is not a UFD.
Recall that a graded ring S is a ring which can be written can be decomposed as an abelian group

S = ⊕∞
d=0Sd

in such a way that SdSe ⊂ Sd+e. What is important here is that a ring like R, being a quotient of a
graded ring by a homogeneous ideal, is graded. You should really try to appreciate the significance
of this point, and the simplifications that follow from it.
We start out by recalling the

Lemma 0.1 Suppose
S = ⊕∞

d=0Sd

is a graded integral domain. If the product AB of two elements is homogeneous, then A and B are
both homogeneous.

Proof
Write A = Ai +Ai+1 + · · ·+Ad and B = Bj +Bj+1 + · · ·+Be with Ai, Bj , Ad, Be all non-zero.
Then AiBj and AdBe are both non-zero and homogeneous components of degree i+ j and d+ e of
the product. So we must have i+ j = d+ e. Since i ≤ d and j ≤ e, we must then have i = d and
j = e. 2

Lemma 0.2 P is irreducible.

Proof
Now suppose P = AB. As above, A, B are both homogeneous. Setting, z = 1, we find

y2 − x = P (x, y, 1) = A(x, y, 1)B(x, y, 1).

But y2 − x is irreducible in the polynomial ring k[x, y] = k[x][y] by the non-existence of a square
root for x in k[x] (and Gauss’ lemma). So one of the factors is constant, which we may assume is
A(x, y, 1). This implies that A(x, y, z) = czd. But P is not divisible by z, so we must have d = 0 and
A a constant. 2

Of course, the polynomial ring k[x, y, z] is a UFD. It is common for quotients of simple rings to pick
up complicated structures. However, as mentioned, since the ideal (P ) is homogeneous, R is a
graded integral domain. Recall that the grading is given by

Rd = [k[x, y, z]d + (P )]/(P ) = k[x, y, z]d/k[x, y, z]d ∩ (P ).

So

Lemma 0.3 In the ring R, the elements [x], [y], [z] are all irreducible.

Proof. For example, if [x] = ab, then a, b are both homogeneous, and hence, must be of degrees 1
and 0. Thus, one of them must be of the form [c] where c is a non-zero constant, and hence, a unit.
Similarly, for [y] and [z]. 2.

In like manner, we see that none of [x], [y], or [z] are unit multiples of another one: For example, if
[x] = u[y], then u has degree zero, so u = [c] for a non-zero constant c. Then x− cy would be
divisible by P , a contradiction.
Therefore, in R, the element xz = y2 has two distinct decompositions into irreducible elements.
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