
Some questions in algebraic geometry (M211). March, 2011

What follows is a smattering of questions and assertions for you to work on. It is not intended as an
exhaustive list of topics and facts. Nor, obviously, is it implied that all this material will actually
appear in the examination. The intention, rather, is to give a general sense of the kind of questions
you should feel comfortable with by the time of the exam.

Make sure you understand the correspondences X 7→ I(X); J 7→ V (J). I write this loosely, but I
hope you can provide the appropriate context.
In particular, you should have a good feel for the Zariski topology. For example, would you know
how to compute the Zariski closure of a subset of A2?
What kind of sets are Zariski dense in An?
In an irreducible variety, every non-empty open subset is dense. Why is that?
You should have a good feeling for the statement of the Hilbert Nullstellensatz, although you
needn’t know the proof.
What is the coordinate ring of an affine variety? What is the relation between the classification of
affine varieties and the classification of k-algebras?
What is the function field of an irreducible variety?
What is a projective variety?
What is a quasi-projective variety?
Give an example of a quasi-projective variety that is not a closed subset of affine space, but which is
isomorphic to an affine variety.
Can you compute the projective closure of an affine variety?
Do you know how to express a projective variety as a union of affine varieties?
Let GLn(C) be the set of invertible matrices in Mn(C). Show that it is Zariski dense. Show that it
is isomorphic to an affine variety.
Show that the matrices of rank ≤ 1 form an affine variety in Mn(C).
Let V be a finite-dimensional C-vector space and consider the subset U of V n consisting of n−tuples
(v1, v2, . . . , vn) such that the vi are linearly independent in V . Show that U is Zariski open. When is
it dense?
Let Pd be the space of single variable polynomials of degree d with complex coefficients. Let U ⊂ Pd

be the polynomials with distinct roots. Show that U is Zariski dense.
Make sure you understand rational maps and morphisms of quasi-projective varieties.
What is a rational variety? Can you give several non-isomorphic examples of rational varieties? Can
you give an example of a variety that is not rational?
Can you give an example of a projective variety that is birationally equivalent to a projective space,
but not isomorphic to one?
Can you give an example of a rational map that is not a morphism?
Show that if {ϕ0, ϕ1, . . . , ϕn} is a collection of homogeneous polynomials in m-variables of the same
degree that have no non-trivial common zeros, then they can be used to define a morphism Pm→Pn.
Consider the map P2 · · · > P2 that sends (x0 : x1 : x2) to (1/x0 : 1/x1 : 1/x2). What is the domain?
How do you define the product of projective varieties?
Prove that the product of irreducible varieties is irreducible.
Show that any two lines in P2 meet.
Show that any curve in P2 meets any line in P2.
What is a singular point?
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What is a smooth point?
What is the dimension of a variety?
Can you prove that a hypersurface in Pn has dimension n− 1?
Suppose X ⊂ An satisfies I(X) = (f, g) and suppose ∇f(p) and ∇g(p) are linearly independent for
some p ∈ X. What is the dimension of X?
Prove that if X and Y are birationally equivalent, then dimX = dimY .
What can you say about the set of smooth points in an irreducible variety?
Make sure you can find the singular points of a hypersurface.
Let X ⊂ An be a smooth hypersurface of degree ≥ 2 and consider H = TPX for a point P ∈ X as
An−1. Show that X ∩H ⊂ H = An−1 is singular.
If you are given a projective variety, how do you find its singular points?
Let X and Y be isomorphic. Show that X is smooth if and only if Y is smooth.
Suppose X and Y are birationally equivalent. True or false: If X is smooth then Y is smooth.
When is the projective closure of y2 = f(x) smooth?
When is the projective closure of yn = f(x) smooth?
When is a conic in P2 smooth?
When is a quadric hypersurface in Pn smooth?
Show that a singular cubic in P2 is rational.
Show that a non-singular cubic in P2 is not rational.
Show that an irreducible conic in P2 is rational.
Show that an irreducible conic in P2 is smooth.
Let C ⊂ P2 be a cubic. Construct a morphism C→P1 that is 3 to 1 at most points. Construct a
morphism C→P1 that is 2 to 1 at most points. Construct a morphism C→P1 that is 4 to 1 at most
points.
Let C ⊂ P2 be a smooth curve of degree ≥ 2. Let P = (a0 : a1 : a2) ∈ C and let π : C · · · > P1 be the
rational map (z0 : z1 : z2) 7→ (a0z1 − a1z0 : a2z1 − a1z2). What is the domain of π?
Let X ⊂ P3 be the smooth surface z20 + z21 + z22 − z23 = 0. Let π : X · · · > P2 be the rational map
(z0 : z1 : z2 : z3) 7→ (z0 − z3 : z1 : z2). What is the domain of π?
Show that a smooth quadric surface in P3 is rational.
When I say ‘Most points on a variety are smooth.’, what do I mean?
Show that the product of two smooth varieties is smooth.
For each degree d, write down a smooth curve of degree d.
For each d, write down a smooth surface in P3 of degree d.
For each d, can you write down a curve in P2 with exactly one singularity?
For each d, can you write down a surface in P3 with exactly one singularity?
Review the classification of conics up to projective equivalence.
Review the classification of cubics up to projective equivalence.
Review the group law on a smooth cubic curve.
If a smooth cubic is given in Weierstrass normal form, how would you find the points of order two?
How you would find the points of order four?
Show that any three points in P1 are projectively equivalent to any other three points.
True or false: Any five lines in P2 are projectively equivalent to any other five lines.
Let (L,P ) and (M,Q) be pairs consisting of a line in P2 and a point on that line. Show that there is
a projective transformation A such that A(L) = M and A(P ) = Q.
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