
Some review questions for algebraic geometry

We will be working over the field of complex numbers.

1. Define the basic objects that have come up in the course: Affine algebraic sets, projective
algebraic sets, affine varieties, projective varieties, and open subsets of these.

2. What is the relation between the objects of 1. and ideals in polynomial rings? Describe
completely the prime ideals in C[x, y].

3. Define the different kinds of maps between these: morphisms, rational maps, isomorphism,
birational equivalence.

4. Give an example of a rational map that is not a morphism.

5. Give an example of a birational equivalence that is not an isomorphism.

6. Review some basic concepts surrounding the Zariski topology. What are the Zariski closed
subsets of A2? What are the Zariski closed subsets of P2? What are the Zariski closed subsets of a
curve in P2?

7. What is a line in projective space? In Pn what is the dimension of the space of lines going
through as point? How would you describe this space?

8. Review the basic facts surrounding conics and how they pass through points. Dimensions,
description of the space, etc.

9. What is a pencil of conics? Show that a pencil of conics always contains degenerate members.

10. Show that a conic is non-singular iff it is non-degenerate.

11. Prove that every non-degenerate conic is isomorphic to P1.

12. Review the basic definitions surrounding dimension, singular points, and non-singular points
of an affine variety. Discuss how to extend this to projective varieties. Prove that the singular points
of an algebraic variety lie in a proper Zariski closed subset.

13. Write down the equation of a non-singular projective curve in P2 of each degree. Write down
the equation of projective curve in P2 of each degree having exactly one singularity. Write down the
equation of projective curve in P2 of each degree having exactly two singularities.

14. Prove that a quadric surface in P3 is non-singular iff it is non-degenerate.

15. Let X ⊂ Pn be a non-singular hypersurface. Let C(X) ⊂ An+1 be the affine cone over X. Is
C(X) non-singular?

16. Consider the affine plane curve C : yd = f(x) where f(x) is a polynomial of degree e with
distinct roots. Let C̄ ⊂ P2 be the projective closure. For what values of d, e is C̄ non-singular?

17. Let X ⊂ P3 be a non-singular cubic surface and p ∈ X. Suppose C := TpX ∩X is irreducible.
Show that C is birational to P1. Try this out for some points on the cubic surfaces

X3 + Y 3 + Z3 + T 3 = 0

and
X3 + Y 3 + Z3 + T 3 = 3XY Z.

18. Given the point (0 : 0 : 0 : 1) ∈ P3 give a geometric description of the space of all lines passing
through p. Give an ‘algebraic’ description as well.

19. For which n and m is there a non-constant morphism from Pn to Pm?

1



20. Let Q ⊂ P3 be a non-singular quadric surface. Show that Q is rational, i.e., birational to P2.

21. Let S ⊂ P3 be a non-singular cubic surface. Show that S is rational.

22. What is your guess about a non-singular surface Sd ⊂ P3 of degree d ≥ 3? Is is rational?

23. Which non-singular curves in P2 are rational?
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